Computer Simulation of Turbulent Mass
Transfer at a Mobile Interface

Numerical solutions to the unaveraged mass balance equation for the
case of a flat mobile interface reveal that both high- and low-frequency

velocity fluctuations can contribute to mass transfer. This is in contrast
to transport to a solid boundary where only low-frequency fluctuations,
normal to the wall, are important. The average mass transfer coefficient
is found to depend on Schmidt number to the —0.5 power, in agreement
with classical theories. It is related to the velocity field in the liquid pri-
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marily through the mean-square value of the gradient of normal velocity

fluctuations at the interface.

SCOPE

The absorption of a slightly soluble gas in a concur-
rent, turbulent gas-liquid flow is controlied by flow fluc-
tuations in the liquid through mechanisms that are not
yet understood. This is a situation where the Schmidt
number is large, and as a consequence the concentra-
tion boundary layer in the liquid is confined to a very
thin region near the interface. Shear, caused by the
gas flow, induces wave formation and also greatly
enhances mass transfer rates. Mass transfer coeffi-
cients measured by Aisa et al. (1981) and McCready
and Hanratty (1984b) are about one order of magnitude
larger than those found for turbulent mass transfer at a
solid boundary. The fundamental problem that must be
considered in order to understand mass transfer in
these complex flows is how the gas and liquid velocity
fields interact to control the transport rate. The work
presented here addresses this question by numerically

solving the unaveraged mass balance equations for a
randomly varying velocity.

A similar approach was taken previously by Camp-
bell and Hanratty (1983) in their studies of mass trans-
fer between a turbulent fiuid and a solid boundary.
These yielded the surprising result that mass transfer
is controlled by low-frequency velocity fluctuations nor-
mal to the surface that contain only a small fraction of
the turbulent energy.

The principal hydrodynamic difference between the
case considered here and the case considered by
Campbell and Hanratty is that near a mobile boundary
the velocity normal to the boundary varies linearly with
distance from the boundary, rather than quadratically.
The goal of this work has been to explore the conse-
quences of this difference.

CONCLUSIONS AND SIGNIFICANCE

Mass transfer at a mobile boundary (a clean gas-liq-
vid interface) is found to be fundamentally different
from mass transfer at an immobile boundary (a contami-
nated gas-liquid interface or a solid), in that velocity
fluctuations of all frequencies are playing an important
role. This is reflected in the equations for the mass
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transfer coefficient that are derived from computer ex-
periments.

The velocity normal to mobile and immobile surfaces
are given respectivelyby v = 8 (x, z, t) y, and v = 8 (x,
z, 1) y?, where all terms have been made dimensionless
using a friction velocity and the kinematic viscosity.
Campbell and Hanratty (1983) derived the following
equation for the dimensionless mass transfer coeffi-
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cient, K, for an immobile boundary: K S°7 —
0.09 (W;(0)/0.01)°%", where W;(0) is the spectral den-
sity function of 3° evaluated at zero frequency. For a
mobile interface we find that K is primarily dependent
on 2 and not on W(0). The following approximate
equation is derived: K 8°° - 0.71 (8%)"* with

B2 = fo W;(w) dw. The importance of this result is that
it defines the rate of mass transfer in terms of a well-
defined property of the fluctuating velocity field. This
provides a way to evaluate proposed mechanisms of
mass transfer.

Background

In concurrent gas-liquid flows, mass transfer occurs across an
interface that is usually covered with three-dimensional waves
of various frequencies and wavelengths. However, because the
concentration boundary layer is very thin, the curvature of the
surface should not directly affect the transport rates. Conse-
quently, these flows are modeled as having a flat interface, with
velocity fluctuations resulting from waves and turbulence in the
gas or liquid. The concentration and velocity fluctuations are
taken as two-dimensional. Derivatives of the concentration in
the flow direction are neglected since it is expected that fluctua-
tions in the flow direction are greatly elongated. This is the same
description used by Campbell and Hanratty (1983) for turbu-
lent transport near a solid boundary. Consequently a direct com-
parison with the results of their computer experiments on mass
transfer to a solid boundary is possible.

The behavior of turbulent mass transfer near a solid boundary
has been charactcerized experimentally by Sirkar and Hanratty
(1970), Shaw and Hanratty (1977), and Campbell and Han-
ratty (1983). These measurements indicate that the scale of con-
centration fluctuations is similar to that for the velocity fluctua-
tions and that the mass transfer fluctuations have a much lower
frequency than the velocity fluctuations. In addition, Shaw
found that the mass transfer coefficient varies with Schmidt
number to the —0.7 power, in contradiction to classical theo-
ries.

Brodkey et al. (1978) presented the first numerical solution to
a form of the unaveraged mass balance equation for transfer
near a solid boundary. This solution does not represent a fully
developed turbulent flow because an unrealistic velocity input,
discontinuous in time and having a linear variation of normal
velocity with distance from the wall, was used.

Campbell and Hanratty (1983) solved a two-dimensional
form of the nonlinear mass balance equation using a measured
velocity gradient signal. They were able to calculate accurately
the magnitude of the average and fluctuating mass transfer
coeflicients, as well as the —0.7 power variation with Schmidt
number. In addition, they found that very low frequency normal
velocity fluctuations control the mass transfer rate. The impor-
tance of low-frequency fluctuations is also suggested by the ana-
lytical solution to a one-dimensional linearized mass balance
equation given by Sirkar and Hanratty (1970).

A linearized mass balance equation that is valid near a mobile
interface was solved by McCready and Hanratty (1984a). This
solution does not exhibit the strong damping of high frequencies
at large Schmidt numbers that is found at a fixed interface.
Consequently, this suggests that higher frequency fluctuations
will be relatively more important at a mobile interface than at a
solid boundary. The calculations presented here will support this
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prediction and point to fundamental differences between trans-
fer at mobile and fixed interfaces.

Theory
General equations

The equation that governs mass transfer at an interface is
’C ¥IC
= + . (D

A ) LA A A LA
TURT e T s\ W?

ar ax ay az?

aCc  dC _aC aC 1 (azc
where S is the Schmidt number, and U, V, and W are the veloci-
ties in the flow, x, the normal, y, and the transverse, z, direc-
tions. All terms have been made dimensionless using u*, the
interfacial friction velocity, », the kinematic viscosity, and the
difference between the interfacial and the bulk concentration,
C, — G

The Taylor expansions describing velocity in terms of dis-
tance from the interface are

U=U®y) + alx,z1) ()
v=RB(xz1y, (3)

and
w=7v(x, z,t). (4)

These equations satisfy the continuity equation and describe the
velocity in the concentration boundary layer for large Schmidt
numbers.

Linear equation

A simplified equation describing the fluctuating concentra-
tion, ¢ = C — C, is obtained if the concentration variation in the
flow direction is neglected, if terms nonlinear in the fluctuating
quantities are ignored, and if (8%c/dz%) < (6°c/d)y?) because of
the thinness of the concentration boundary layer:

dc _ dC 1%

By My 5
ar " ydy S 3y )

An analytic solution, presented by McCready and Hanratty
(1984a), relates the spectral function for 8, Wy(w), defined as

B = [ Wyw) de, 6
§ = [ Witw) do ©)
to the high-frequency portion of the spectral function for the

1109



fluctuating mass transfer coefficient,

EZ
Witw) - LEOE )

This is similar to the corresponding solution for transport near a
solid boundary, which Sirkar and Hanratty (1970) assumed to
be valid for high-frequency mass transfer fluctuations:

W(w) 4K>

Wk(w) = w; S

(3)

In these equations w is the dimensionless circular frequency, the
average mass transfer coefficient K is defined as

— 1dC
K=—-——], 9
S dy 4 ( )
and the fluctuating mass transfer coefficient, as
143
-=a]. (10)
S aylo

Equations 8 and 7 both predict that high-frequency velocity
fluctuations are less effective in causing mass transfer fluctua-
tions at the wall because of the appearance of the w’ and o’
terms in the denominators. However, it is noted that Eq. 8 pre-
dicts that a strong effect of Schmidt number on this filtering will
be found at a solid surface. According to Eq. 8 a decrease in
W, (w) is obtained with increasing Schmidt number, for a fixed
frequency.

Scaling suggested by the linear equation

The full solution of Eq. 5, valid for both high- and low-
frequency mass transfer fluctuations, is too cumbersome to
obtain a physical understanding of the implications of linear
theory regarding the mass transfer process. Consequently, an
order-of-magnitude analysis of the type developed by Vassil-
iadou (1985) is presented here for the purpose of comparing
linear theory predictions with solutions to the nonlinear equa-
tion described in the next section.

First consider solutions of Eq. S for high frequency and for
high Schmidt number. Then (dc/dz) » (1/5) (8*c/dy*) except
for a region y < §, close to the surface. For y > é,,

dc dc
B;Nﬁy?y'- (1

Define a characteristic thickness of the concentration boundary
layer as

(12)

S| —
S

it is expected that the magnitude of the concentration fluctua-
tions, ¢’ should be a maximum at y ~ 6 and be zeroat y = 0 and
at very large y. Thus, from Egs. 11 and 12 the magnitude of ¢
scales as indicated below:

O ~

(13)
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Similarly, it is expected that the term characterizing turbulent
transport also is a maximum roughly at y = é. Thus the magni-
tude of v¢’ scales as

v¢' ~— (14)

Molecular diffusion starts to affect the fluctuating concentra-
tion field at y = 4., where

%~—é% (15)

From Eq. 15
e (16)

Aty =0,

c’~%§. (17
It follows that
or that

W, ~1?2—sz, (19)

in agreement with Eq. 7.
For low enough frequencies that (8c’/dt) « (1/S) (3°¢'/9yP),
the magnitude of ¢ is estimated from the following relation

18 dC

Thus from Eqs. 20 and 12 the magnitude of ¢’ for low-frequency
velocity fluctuations scales as follows:

¢ ~ B8’ (21)
Similarly
g ~ B8°S (22)
K
and
v ~ B85S (23)

for low-frequency velocity fluctuations.

Now, according to linear theory the different frequencies are
acting independently; thus their contributions to vc" can be
summed. This sum can be estimated by making the simplifying
assumption that Eq. 14 is valid for o < w, and Eq. 23 is valid for
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w > w,, where w, is estimated from the relation that at y = §

ac 18
o Sa
or that
1
w, = ﬁ . (24)
Thus the Reynolds transport term scales as follows:
@, @ W
v’ ~ ‘a’sw,,(w)dw+_[ LQW (25)
(1] W w

This can be rewritten as

ve' - f 6W3(w)d -+ f 55‘;(:’) ( ) (26)

Now, since at y = § turbulent transport is approximately equal
to molecular transport,

v~ ——. 27

By equating Eqgs. 26 and 27 the following relation for 6 is

obtained:
W -1
5| [ewafg) B[ e

Following Vassiliadou (1985) the spectral function is as-
sumed to be of the form

Ws(0
Wyw) - —20_ (29)
wo
s (_)
wm
where w,, is the mean frequency,
f ¥ w Wy(w) do
Wy = T (30)
f * Wyw) dw
0
and ¢ is a shape factor,
W5(0
0 = W, T Z—(z ) . 31

The following scaling is then obtained by substituting Eq. 29
into Eq. 28:

ran-! (J_w_c) 2 -1/2
—1/2 )2 Drm l W
6~.S Wi (0){———— + s In|{I (32)

0w, 2 ow,
wm
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It is clear that this scaling depends on the ratio of w, to w,,
through

co T Wﬁ_(_O) W, (33)

W 3

If Eq. 24 is substituted for w, and if K is assumed to scale as

1
58

K= (34)

then an estimate of the frequency ratio parameter is given as

cw, TWH0)K’S

e 39
For large ow./w,, Eq. 32 simplifies to
5~ S (B) (36)
It follows from Eqgs. 35 and 34 that
K~ s (@) 37

for large ow,/w,, _
In a similar way it can be shown that for small ow,/w,, K
depends only on Wy(0),

K~ S-'2 wiro) (38)

For intermediate ow./w,, the mass transfer coefficient will
depend both on 8% and on Wy(0).

Nonlinear model

Since it is assumed that velocity changes in the flow direction
are quite gradual, x-derivatives are neglected and Eq. 1 reduces
to

aC aC F]
— + B(z, t)y—; + v(z, )

C #C d&C
ot S

P + 622). (39)
At present, there is not enough experimental information to
determine 8(z,1) and v (z,¢) completely, so the simplified
model suggested by Campbell and Hanratty (1983) has been
used. The spatial variation of the velocity field is represented by
a single harmonic, so that

B(z, 1) = V2 B(1) cos (2mz/).), (40)

and

A 2x
7(2a1)=‘ ﬁﬂ(t)ﬁSin(xz)7 (4])

with 8(z) being a random function of time. The transverse wave-
length, A,, was taken to be 100 for most of the calculations so as
to agree with the measured behavior near a solid boundary. It is
noted, however, that varying A, from 50 to 800 produced little
effect on the calculated results.
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The numerical solution of Eq. 39 using velocities described by
Eqgs. 40 and 41 required a time-varying signal to represent the
normal velocity gradient at the interface. Experimental mea-
surements of this gradient arc not available for a mobile inter-
face, so the time series measured by Lau (1980) at a solid boun-
dary was used. The normalized power spectrum for this series is
shown in Figure 1, with w,, defined as the mean frequency. This
is similar to the signal used by Campbell and Hanratty (1983) in
their computer simulation of mass transfer at a solid boundary.
However, the one used here contains more energy at high fre-
quencies. Because the true behavior of the normal velocity fluc-
tuations near a mobile interface is not known, the magnitude
and median frequency of the input signal were varied. Thus, the
basic assumption is that the shape of the spectral function, but
not the median frequency nor the magnitude, characterizing the
normal velocity fluctuations is the same at a gas-liquid boun-
dary as at a liquid-solid boundary.

Numerical Methods

Equation 39 was solved using a finite-difference method that
involved upwinding of the velocity terms (Roache, 1972). The
boundary conditions used were C =0 at y =0, C =1 at the
outer boundary, for inflows, and dC/dy — 0 for outflows. These
are the same conditions used by Campbell and Hanratty (1983)
and they appear to be physically realistic.

Twenty-six grid points in the transverse direction, 33 grid
points in the normal direction, and 8,000 steps in time were used
in the calculations. Variations in the number of spatial or time
steps appeared to have little effect on the results.

Results
Effect of the velocity gradient input signal

Measurements of gas absorption rates of O, into thick water
layers presented by Aisa et al. (1981) and McCready and Han-
ratty (1985) suggest that K, the dimensionless mass transfer

10 SN S

107 |

=1

2
Wﬁ(w) /B
=)

w02t

10 10

Figure 1. Power spectrum of the time-varying velocity

signal used in the calculations.
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coefficient, is constant at a value of approximately 0.009 for a
Schmidt number of 440. Calculations were done to determine
the value of 8% necessary to obtain these mass transfer coeffi-
cients. Figure 2 is a plot of K vs. 82 for various median frequen-
cies. It is seen that median frequency has a weak effect. The
median frequency measured ncar a solid boundary is about
0.088 and the largest value, 0.176, is approximately the charac-
teristic frequency of the surface waves occurring in the gas-lig-
uid flow experiments by McCready and Hanratty (1985). The
value of B* that corrcsponds to a2 mass transfer coeflicient of
0.009 is about 107>

A comparison of the results shown in Figure 2 with Eq. 37
indicates that the relation derived for large ow,/6,, appears to
represent the calculations reasonably well.

Effect of W40)

Campbell and Hanratty (1983) have identified the impor-
tance of W4(0), the energy contained in the very low frequency
velocity fluctuations, in controlling mass transfer. In the calcu-
lation presented for constant w,, in Figure 2 both % and W4(0)
were increased at the same time. Therefore calculations were
also carried out in which Wg(0) and §8° were separately varied.

Figure 3 shows results in which 87 is kept constant at 0.0085
as Wy(0) is varied. To do this w,, was decreased as W;(0) was
increased. It is noted from Eq. 35 that Wy(0) = 0.1 corresponds
10 0w,/ w,, = 3.9 and that this parameter increases with increas-
ing W;(0). This plot shows a slight decrease in K with W,(0) for
ow./w, < 3.9. However, the influence of W4(0) on K for the
range of parameters considered is much smaller than would be
suggested from Eq. 38 for small 6w,/ w,y,

The dashed line in Figure 3 is the result obtained by Campbell
and Hanratty for mass transfer to a solid boundary

(42)

K S%7 - 0.09 (w)w

0.01

It is readily seen that calculated mass transfer rates are larger
for 2 mobile interface than for a solid surface.

10 T T T .
u S=440 j
[ o ]
I 0 1
)
K 162 b o ® ° o we -]
E Wy Wi ]
8 06-22 0088 0 ]
3 026—18 0.176 O 1
i {,3—78 0044 o 1
I ]
& | ! 1
103 192 10! 10° 10'
2
B

Figure 2. Effect of root-mean-square fluctuating velocity
gradient on the average mass transfer coeffi-
cient.
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Figure 3. Effect of W;(0) on the mass transfer coeffi-
cient, with 82 held constant.

Comparison with the linear equation

Instantancous mass transfer coefficients werc calculated for
each time step at each spatial step in the transverse direction.
The mass transfer spectrum, which is a representation of these
fluctuating mass transfer coefficients, will vary depending on
the spatial location. As a result of this variation, a number of
possible procedures exist for calculating spectra. For the work
presented here, they are obtained from the instantaneous mass
transfer cocfficient at the seventh spatial step.

Spectra at both a mobile interface and at a solid boundary,
obtained in this way, are shown in Figure 4. These spectra dis-
play the qualitative differences predicted by linear theory. For a
solid boundary, where lower frequency velocity fluctuations
contribute most to mass transfer, the median frequency is 0.002.
At a mobile interface, the median frequency of the mass transfer
spectrum is the same as for the velocity spectrum 0.088. No
damping is occurring for this case. The curves shown in Figure 4
represent the spectra calculated from linear theory, Egs. 7 and
8.

Figure S displays calculated normalized spectra for three dif-
ferent Schmidt numbers. It is seen that the Schmidt number
affects the energy in the mass transfer spectrum only through K,
as predicted by Eq. 7, derived from linear theory. This 1s in con-
trast to what is found for mass transfer to a solid boundary
(Shaw and Hanratty, 1977; Campbell and Hanratty, 1983).

Influence of Schmidt number on K

The calculated effect of the Schmidt number on the average
mass transfer coefficient is shown in Figure 6. The result, which
agrees with both the classic prediction of surface renewal theory
and the linearized scaling presented earlicr, is that K varies as
S %°. The equation represented by the dashed line shown in Fig-
ure 6 and the results in Figure 2 is

K S - 0.71 (8H)"* (43)
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Figure 4. Comparison of the frequency spectra of the
mass transfer fluctuations at a mobile boun-
dary and a solid boundary.

Discussion
Linear theory scaling

As already pointed out by Vassiliadou, characteristic fre-
quency w,, defined by Eq. 24, plays a critical role in understand-
ing the relation of the fluctuating concentration ficld to the fluc-
tuating velocity field. 1f the median frequency of the velocity
fluctuations is much less than w. (large sw./w,,), then the con-
centration field responds to all frequencies of the velocity field.
This is a pseudosteady state approximation for which the term
dc/ar in the mass balance equation is playing a minor role. The
concentration fluctuations are created by normal velocity fluc-
tuations by the term v (dC/dy), and the magnitude of the con-
centration fluctuations is determined by

18 dC

— Sl =, 44
S 9y* Udy (44)
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Figure 5. Effect of Schmidt number, results scaled ac-
cording to linear theory.

The average mass transfer coefficient is related to the entire
energy of the velocity field, as given by Eq. 37.

If w, is much less than w,, (small ow,/w,), a filtering action
occurs whereby the concentration field responds mainly to the
low-frequency velocity fluctuations. This is a situation for which
only the very low-frequency part of the concentration spectrum
is described by a pseudosteady state approximation. The con-
centration fluctuations are created by the v (dé/ dy) term and
the magnitude is determined by

'  dC
—~0—. 45
at v dy (45)
Molecular diffusion is important only very close to the wali,
(y <é.). This damping at high frequencies is manifested by Eq.
7 which, from the arguments given above, would be valid only
over a very small range of frequencies if ow,/w,, is large.

Comparison of linear theory scaling for mobile (liquid)
and immobile (solid) surfaces

Fluctuating velocities normal to the surface cause concentra-
tion fluctuations through the term v (dE/dy). For a mobile sur-
face (a clean water interface) the velocity varies linearly with
distance from the surface v = By. The magnitude of v therefore
decreases linearly with a decrease in §; the concentration gra-
dient, dC/dy, increases lincarly; and the product remains inde-
pendent of 6. Thus the magnitude of the term producing concen-
tration fluctuations in the concentration boundary layer is
independent of Schmidt number. The consequences of this are
that the magnitude of the Reynolds transport depends linearly
on the magnitude of dC/dy and is independent of Schmidt num-
ber, that K varies with /2, and that the magnitude of the con-
centration fluctuations are independent of Schmidt number.

For an immobile surface (a solid) the velocity varies quadrati-
cally with distance from the surface, v = 8y This causes a dra-
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Figure 6. Computed effect of Schmidt number on the av-
erage mass transfer coefficient.

matically different behavior from a mobile interface. The term
creating the concentration fluctuations, v (dﬁ/dy), decreases
with decreasing 8, or with increasing Schmidt number. Mass
transfer at immobile surfaces at large Schmidt numbers is
usually characterized by small ow,/w,, since K ~ S (see Eg.
35). Consequently, the magnitude of the high-frequency con-
centration fluctuations is determined by

éf— ~U d—C . (46)
at dy

The decrease in v (dﬁ/a’y) with increasing Schmidt number has
the effect of decreasing the magnitude of the concentration fluc-
tuations at a given frequency and, in particular, to decrease the
relative importance of high-frequency velocity fluctuations. The
consequence of this is that mass transfer is usually controlled
only by low-frequency velocity fluctuations and that the effec-
tive frequency decreases with increasing Schmidt number.

Comparison of linear theory scaling with the nonlinear
calculations

The calculations support the physical interpretation obtained
from the linear equations in a number of ways: The mass trans-
fer coefficient, K, is found to vary with S, The spectral func-
tion of the mass transfer fluctuations, when plotted as W, (w)/
K? vs. w, for fixed hydrodynamic conditions, does not vary with
Schmidt number. The average mass transfer coefficient depends
on (8%)'/* for sufficiently high 6w,/wp.

Comparison with measurements

Studies of oxygen absorption for cocurrent stratified gas-lig-
uid flow in a channel (McCready and Hanratty, 1985) give
K S'? = 0.15. Figure 2 indicates that for this to be the case,
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3% = 0.009. As mentioned in the Introduction, a primary motiva-
tion for this research is the interpretation of these measurements
of the absorption of a slightly soluble gas. The principal
unsolved problem is to characterize the velocity fluctuations in
the liquid that are controlling mass transfer. McCready and
Hanratty (1984b) have identified a number of sources: turbu-
lence in the gas, wave-induced spatial variations in the interfa-
cial shear stress, turbulence generated at the interface, turbu-
lence generated at the solid boundary, and wave mixing. The
significance of the above estimate of 8% is that the relative
importance of different mechanisms can be judged in terms of
the magnitude of the velocity gradient fluctuations, 82, that they
generate at the interface.

From such considerations McCready and Hanratty (1985)
have argued for the importance of wave-induced spatial varia-
tions in the interfacial shear stress. This suggests that w,, =~ 0.7.
This is not quite large enough to be in the range where one
should expect a large sw,/w,, to be completely correct, yet it is in
the range for which the calculations presented in Figure 2 were
performed.

Consequently, it is expected that K should be primarily
dependent on 8 and only secondarily dependent on w,,. Equation
43 therefore provides an estimate of how the mass transfer rate
is related to the velocity field, provided Eq. 29 is a reasonable
approximation of the form of the spectrum.
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Notation

¢, C = fluctuating and total concentrations relative to that at the
interface made dimensionless with Cp — G

Cy = bulk concentration
C; = interfacial concentration
C = average total concentration

D = molecular diffusivity
k, K = fluctuating and total mass transfer coefficient made dimen-
__ sionless with «*
K = average dimensionless mass transfer coefficient
n = frequency, made dimensionless with u* and »
§ = Schmidt number = »/D
t = time made dimensionless with u* and »
u, U = fluctuating and total streamwise velocities made dimension-
less with u*
u* = interfacial friction velocity
v, V = fluctuating and total normal velocities made dimensionless
with u*
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w, W = fluctuating and total transverse velocities made dimensioniess
with u*
W, (w) = spectrum of the fluctuations of k&
Wg(w) = spectrum of the fluctuation 8
x = coordinate in streamwise direction made dimensionless with
u* and »
y = coordinate perpendicular to interface made dimensionless with
u* and v
z = coordinate transverse to flow made dimensionless with «* and
14

Greek letters

a = time-varying part of streamwise velocity
B = time-varying part of normal velocity gradient
v = time-varying part of transverse velocity
A, = wavelength of spatial scale in transverse direction made
dimensionless with u* and »
v = kinematic viscosity of liquid
w = 2mn, circular frequency
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